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a b s t r a c t
Exact bending solutions of fully clamped orthotropic rectangular thin plates subjected to
arbitrary loads are derived using the finite integral transform method. In the proposed
mathematical method one does not need to predetermine the deformation function
because only the basic governing equations of the classical plate theory for orthotropic
plates are used in the procedure. Therefore, unlike conventional semi-inverse methods,
it serves as a completely rational and accurate model in plate bending analysis. The
applicability of the method is extensive, and it can handle plates with different loadings
in a uniform procedure, which is simpler than previous methods. Numerical results are
presented to demonstrate the validity and accuracy of the approach as compared with
those previously reported in the bibliography.
Crown Copyright© 2009 Published by Elsevier Ltd. All rights reserved.
1. Introduction
Orthotropic rectangular plates are encountered in various engineering applications of composite materials. Thus the
bending of orthotropic, especially isotropic, rectangular thin plates has been studied extensively bymany authors. However,
so far it has been difficult to obtain solutionswhich can exactly satisfy both the partial differential equation and the boundary
conditions of a plate except for the case with two opposite sides simply supported (i.e. Navier’s solution, Levy’s solution,
etc). One of the most commonly used methods to derive exact bending solutions of isotropic plates is the superposition
method [1], which could be extended to orthotropic plates. However, themethod involves a complex superposition of many
solutions which should be renewed even in the same problem when different loads are subjected to the plate. Besides,
a number of numerical methods have been utilized by many researchers to analyze plate bending problems such as the
finite difference method [2–5], finite element method [6,7], finite strip method [8], integral equation method [9], method
of discrete singular convolution [10], method of differential quadrature [11], differential quadrature element method [12],
meshless method [13] and spline element method [14].
The integral transform has been used to obtain exact solutions of specific partial differential equations in the theory
of elasticity [15], while it was employed in the analysis of certain engineering problems [16]. However, to the best of
the authors’ knowledge, there have been no reports of the method on the analysis of clamped orthotropic rectangular
plates. In the present paper, a double finite sine integral transform method is adopted to acquire exact bending solutions
of fully clamped orthotropic rectangular thin plates under arbitrary loadings. Compared with the traditional semi-inverse
approaches in the analysis of plates using classical plate theory by Timoshenko [1] etc., the analysis here is completely
rational without any trial functions. The solution procedure enables one to derive exact solutions for more plate problems
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Fig. 1. A fully clamped orthotropic rectangular thin plate.
which hitherto have been treated via semi-inverse or approximatemethods. The presentmethod can be easily employed for
other combinations of boundary conditions. Moreover, it can be further extended to problems of moderately thick and thick
plates aswell as buckling, vibration, etc. To verify the accuracy of the approach the presented numerical results are compared
with those found in the literature. Excellent agreement has been achieved, which confirms the accuracy and applicability of
the present approach.
2. Application of integral transform and exact bending solutions for a fully clamped orthotropic rectangular plate
Consider a fully clamped orthotropic rectangular thin plate of length a, width b and total thickness h, as shown in Fig. 1,
where 0 ≤ x ≤ a and 0 ≤ y ≤ b. The governing partial differential equation for bending of the plate for which the principal
directions of orthotropy coincide with the x and y axes [1,17] is
Dx
∂4W
∂x4
+ 2H ∂
4W
∂x2∂y2
+ Dy ∂
4W
∂y4
= q (1)
where W is the transverse deflection of the plate midplane, q is the distributed transverse load, and Dx and Dy are the
flexural rigidities about the y and x axes, respectively; H = D1 + 2Dxy is called the effective torsional rigidity, in which
D1 = ν2Dx = ν1Dy is defined in terms of the reduced Poisson’s ratios ν1 and ν2, respectively.
The internal forces of the plate are
Mx = −
(
Dx
∂2W
∂x2
+ D1 ∂
2W
∂y2
)
(2)
My = −
(
Dy
∂2W
∂y2
+ D1 ∂
2W
∂x2
)
(3)
Mxy = −2Dxy ∂
2W
∂x∂y
(4)
Qx = − ∂
∂x
(
Dx
∂2W
∂x2
+ H ∂
2W
∂y2
)
(5)
Qy = − ∂
∂y
(
Dy
∂2W
∂y2
+ H ∂
2W
∂x2
)
(6)
Vx = Qx + ∂Mxy
∂y
(7)
Vy = Qy + ∂Mxy
∂x
(8)
where Mx and My are the bending moments, Mxy is the torsional moment, Qx and Qy are the shear forces, Vx and Vy are the
effective shear forces, and Dxy = Gh312 is the torsional rigidity, where G is the shear modulus.
The boundary conditions of the plate can be expressed as
W |x=0,a = 0; W |y=0,b = 0 (9)
∂W
∂x
∣∣∣∣
x=0,a
= 0; ∂W
∂y
∣∣∣∣
y=0,b
= 0. (10)
In the particular case of isotropy, we have ν1 = ν2 = ν, Dx = Dy = H = D, D1 = νD and Dxy = 1−ν2 D, where D is the
flexural rigidity and ν is Poisson’s ratio. Hence the above equations can reduce to those of an isotropic plate.
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To solve the partial differential equation Eq. (1), a double finite sine integral transform approach is utilized. SinceW (x, y),
defined within a rectangular domain 0 ≤ x ≤ a and 0 ≤ y ≤ b, is a function of the independent variables x and y, a double
finite sine integral transform is defined as
Wmn =
∫ a
0
∫ b
0
W (x, y) sinαmx sinβnydxdy (m = 1, 2, 3, . . . , n = 1, 2, 3, . . .) . (11)
The inversion formula can be represented as
W (x, y) = 4
ab
∞∑
m=1
∞∑
n=1
Wmn sinαmx sinβny (12)
where αm = mpia and βn = npib .
The transforms of higher-order partial derivatives ofW as appearing in Eq. (1) are derived as follows:∫ a
0
∫ b
0
∂4W
∂x4
sinαmx sinβnydxdy = −αm
∫ b
0
[
(−1)m ∂
2W
∂x2
∣∣∣∣
x=a
− ∂
2W
∂x2
∣∣∣∣
x=0
]
sinβnydy
+α3m
∫ b
0
[
(−1)m W |x=a − W |x=0
]
sinβnydy+ α4mW¯ (m, n)
= −αm
∫ b
0
[
(−1)m ∂
2W
∂x2
∣∣∣∣
x=a
− ∂
2W
∂x2
∣∣∣∣
x=0
]
sinβnydy+ α4mWmn (13)∫ a
0
∫ b
0
∂4W
∂y4
sinαmx sinβnydxdy = −βn
∫ a
0
[
(−1)n ∂
2W
∂y2
∣∣∣∣
y=b
− ∂
2W
∂y2
∣∣∣∣
y=0
]
sinαmxdx
+β3n
∫ a
0
[
(−1)nW |y=b −W |y=0
]
sinαmxdx+ β4nW¯ (m, n)
= −βn
∫ a
0
[
(−1)n ∂
2W
∂y2
∣∣∣∣
y=b
− ∂
2W
∂y2
∣∣∣∣
y=0
]
sinαmxdx+ β4nWmn (14)∫ a
0
∫ b
0
∂4W
∂x2∂y2
sinαmx sinβnydxdy = −αm
∫ b
0
[
(−1)m ∂
2W
∂y2
∣∣∣∣
x=a
− ∂
2W
∂y2
∣∣∣∣
x=0
]
sinβnydy
+α2mβn
∫ a
0
[
(−1)nW |y=b − W |y=0
]
sinαmxdx+ α2mβ2nW¯ (m, n)
= α2mβ2nWmn (15)
in which four boundary conditions, i.e. Eq. (9), have been imposed to simplify the expressions.
By performing the double integral transform on Eq. (1) and substitution of the resulting equation into Eqs. (13)–(15), one
gets (
Dxα4m + Dyβ4n + 2Hα2mβ2n
)
Wmn − αmDx
∫ b
0
[
(−1)m ∂
2W
∂x2
∣∣∣∣
x=a
− ∂
2W
∂x2
∣∣∣∣
x=0
]
sinβnydy
−βnDy
∫ a
0
[
(−1)n ∂
2W
∂y2
∣∣∣∣
y=b
− ∂
2W
∂y2
∣∣∣∣
y=0
]
sinαmxdx = qmn (16)
where qmn =
∫ a
0
∫ b
0 q (x, y) sinαmx sinβnydxdy represents the transform of the load function q (x, y). Let
Im =
∫ a
0
∂2W
∂y2
∣∣∣∣
y=b
sinαmxdx; (17a)
Jm =
∫ a
0
∂2W
∂y2
∣∣∣∣
y=0
sinαmxdx (17b)
Kn =
∫ b
0
∂2W
∂x2
∣∣∣∣
x=a
sinβnydy; (17c)
Ln =
∫ b
0
∂2W
∂x2
∣∣∣∣
x=0
sinβnydy. (17d)
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Accordingly, Eq. (16) is expressed in terms of unknown constants Im, Jm, Kn and Ln as
Wmn = 1Dxα4m + Dyβ4n + 2Hα2mβ2n
{
qmn + βnDy
[
(−1)n Im − Jm
]+ αmDx [(−1)m Kn − Ln]} . (18)
Via substitution of Eq. (18) into Eq. (12), one can get the expression ofW (x, y)with Im, Jm, Kn and Ln form = 1, 2, 3, . . .
and n = 1, 2, 3 . . .. Eq. (18) can meet the boundary conditions described by Eq. (9), as indicated above.
By substituting Eq. (12) into the remaining boundary conditions represented by Eq. (10), we obtain
∞∑
n=1
∞∑
m=1
4
ab
αmWmn sinβny = 0 (19a)
∞∑
n=1
∞∑
m=1
4
ab
(−1)m αmWmn sinβny = 0 (19b)
∞∑
m=1
∞∑
n=1
4
ab
βnWmn sinαmx = 0 (19c)
∞∑
m=1
∞∑
n=1
4
ab
(−1)n βnWmn sinαmx = 0. (19d)
Multiplying Eqs. (19a) and (19b) by sinβnydy and following by integration from0 to b yields Eqs. (20a) and (20b).Multiplying
Eqs. (19a)–(19d) by sinαmxdx and following by integration from 0 to a yields Eqs. (20c) and (20d). They are given as follows:
∞∑
m=1
αmWmn = 0 (n = 1, 2, 3 . . .) (20a)
∞∑
m=1
(−1)m αmWmn = 0 (n = 1, 2, 3 . . .) (20b)
∞∑
n=1
βnWmn = 0 (m = 1, 2, 3 . . .) (20c)
∞∑
n=1
(−1)n βnWmn = 0 (m = 1, 2, 3 . . .) . (20d)
Substituting Eq. (18) into Eq. (20), we arrive finally at
∞∑
m=1
αm
Dxα4m + Dyβ4n + 2Hα2mβ2n
{
qmn + βnDy
[
(−1)n Im − Jm
]+ αmDx [(−1)m Kn − Ln]} = 0 (n = 1, 2, 3, . . .) (21a)
∞∑
m=1
(−1)m αm
Dxα4m + Dyβ4n + 2Hα2mβ2n
{
qmn + βnDy
[
(−1)n Im − Jm
]+ αmDx [(−1)m Kn − Ln]} = 0 (n = 1, 2, 3, . . .) (21b)
∞∑
n=1
βn
Dxα4m + Dyβ4n + 2Hα2mβ2n
{
qmn + βnDy
[
(−1)n Im − Jm
]+ αmDx [(−1)m Kn − Ln]} = 0 (m = 1, 2, 3, . . .) (21c)
∞∑
n=1
(−1)n βn
Dxα4m + Dyβ4n + 2Hα2mβ2n
{
qmn + βnDy
[
(−1)n Im − Jm
]
+αmDx
[
(−1)m Kn − Ln
]} = 0 (m = 1, 2, 3, . . .) . (21d)
Eqs. (21a)–(21d) are four infinite systems of linear simultaneous equations with respect to unknown constants Im, Jm, Kn
and Ln (m = 1, 2, 3, . . . ; n = 1, 2, 3 . . .). In practice, a finite number of terms in each set of equations are considered and
the resulting sets of finite number of simultaneous equations are solved to determine the constants.
The bending moments along the clamped edges can be obtained conveniently using the expression
Mx|x=0 = −
(
Dx
∂2W
∂x2
+ D1 ∂
2W
∂y2
)∣∣∣∣
x=0
= −
(
Dx
∂2W
∂x2
)∣∣∣∣
x=0
= −Dx
(
2
b
∞∑
n=1
Ln sinβny
)
(22a)
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Table 1
Deflections and bending moments for a fully clamped isotropic rectangular plate under uniform load (ν = 0.3).
b/a Wx=a/2,y=b/2
(
qa4/D
)
(Mx)x=0,y=b/2
(
qa2
) (
My
)
x=a/2,y=0
(
qa2
)
Ref. [1] Present Ref. [1] Present Ref. [1] Present
1.0 0.00126 0.00127 −0.0513 −0.0513 −0.0513 −0.0513
1.1 0.00150 0.00151 −0.0581 −0.0581 −0.0538 −0.0538
1.2 0.00172 0.00172 −0.0639 −0.0639 −0.0554 −0.0554
1.3 0.00191 0.00191 −0.0687 −0.0687 −0.0563 −0.0563
1.4 0.00207 0.00207 −0.0726 −0.0726 −0.0568 −0.0568
1.5 0.00220 0.00220 −0.0757 −0.0757 −0.0570 −0.0570
1.6 0.00230 0.00230 −0.0780 −0.0780 −0.0571 −0.0571
1.7 0.00238 0.00238 −0.0799 −0.0798 −0.0571 −0.0571
1.8 0.00245 0.00245 −0.0812 −0.0812 −0.0571 −0.0571
1.9 0.00249 0.00250 −0.0822 −0.0822 −0.0571 −0.0570
2.0 0.00254 0.00253 −0.0829 −0.0829 −0.0571 −0.0570
Table 2
Deflections and bending moments for a fully clamped isotropic rectangular plate under hydrostatic pressure (ν = 0.3).
b/a Wx=a/2,y=b/2
(
q0a5/D
)
(Mx)x=0,y=b/2
(
q0a3
) (
My
)
x=a/2,y=0
(
q0a3
)
Ref. [1] Present Ref. [1] Present Ref. [1] Present
0.5 0.000080 0.0000788 −0.0115 −0.0115 −0.0104 −0.0104
2/3 0.000217 0.000217 −0.0187 −0.0187 −0.0168 −0.0168
1.0 0.00063 0.000629 −0.0334 −0.0334 −0.0257 −0.0257
1.5 0.00110 0.00110 −0.0462 −0.0461 −0.0285 −0.0285
Table 3
Deflections and bending moments for a fully clamped isotropic rectangular plate under central concentrated load (ν = 0.3).
b/a Wx=a/2,y=b/2
(
Pa2/D
)
(Mx)x=0,y=b/2 (P)
(
My
)
x=a/2,y=0 (P)
Ref. [1] Present Present Ref. [1] Present
1.0 0.00560 0.00561 −0.1256 −0.1257 −0.1256
1.2 0.00647 0.00648 −0.09351 −0.1490 −0.1490
1.4 0.00691 0.00692 −0.06466 −0.1604 −0.1604
1.6 0.00712 0.00712 −0.04217 −0.1651 −0.1651
1.8 0.00720 0.00720 −0.02603 −0.1667 −0.1669
2.0 0.00722 0.00723 −0.01511 −0.1674 −0.1674
Mx|x=a = −
(
Dx
∂2W
∂x2
+ D1 ∂
2W
∂y2
)∣∣∣∣
x=a
= −
(
Dx
∂2W
∂x2
)∣∣∣∣
x=a
= −Dx
(
2
b
∞∑
n=1
Kn sinβny
)
(22b)
My|y=0 = −
(
Dy
∂2W
∂y2
+ D1 ∂
2W
∂x2
)∣∣∣∣
y=0
= −
(
Dy
∂2W
∂y2
)∣∣∣∣
y=0
= −Dy
(
2
a
∞∑
n=1
Jm sinαmx
)
(22c)
My|y=b = −
(
Dy
∂2W
∂y2
+ D1 ∂
2W
∂x2
)∣∣∣∣
y=b
= −
(
Dy
∂2W
∂y2
)∣∣∣∣
y=b
= −Dy
(
2
a
∞∑
n=1
Im sinαmx
)
. (22d)
Substituting the obtained constants Im, Jm, Kn and Ln into Eq. (18), then (12) gives the bending solutions of a fully clamped
orthotropic rectangular plate. The results are theoretically exact solutions when m and n → ∞, while in practice one can
obtain the desired accuracy by taking an appropriate number of terms.
3. Numerical examples
To validate the proposed formulation, a fully clamped isotropic rectangular plate under three types of load distribution
is examined:
(1) a uniform load of intensity q;
(2) hydrostatic pressure with the intensity qx;
(3) a load P concentrated at the center of the plate.
Comparisons with the results of Timoshenko and Woinowsky-Krieger [1] including the transverse deflections and
bending moments at specific locations for cases above are presented in Tables 1–3, respectively, which show excellent
agreement.
For future comparison, exact bending solutions of a fully clamped orthotropic plate subjected to a concentrated load at
the center of the plate are obtained, and some numerical results are tabulated in Table 4.
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Table 4
Deflections and bending moments for a fully clamped orthotropic rectangular plate subjected to central concentrated load (Dy = 4Dx,Dxy = 0.85Dx, ν1 =
0.075, ν2 = 0.3).
b/a m n Wx=a/2,y=b/2
(
Pa2/Dx
)
(Mx)x=0,y=b/2 (P)
(
My
)
x=a/2,y=0 (P)
1.0 2 2 0.001264 −0.05199 −0.1781
4 4 0.002368 −0.03501 −0.2198
6 6 0.002309 −0.05201 −0.2320
8 8 0.002421 −0.03884 −0.2231
10 10 0.002407 −0.04930 −0.2317
100 100 0.002454 −0.04436 −0.2275
1.1 2 2 0.001509 −0.06006 −0.1779
4 4 0.002801 −0.04930 −0.2130
6 6 0.002708 −0.06360 −0.2248
8 8 0.002838 −0.05183 −0.2141
10 10 0.002817 −0.06138 −0.2241
100 100 0.002869 −0.05690 −0.2192
1.2 2 2 0.001737 −0.06736 −0.1743
4 4 0.003207 −0.06243 −0.2022
6 6 0.003084 −0.07044 −0.2148
8 8 0.003230 −0.06393 −0.2024
10 10 0.003204 −0.07262 −0.2137
100 100 0.003261 −0.06852 −0.2082
1.3 2 2 0.001940 −0.07366 −0.1682
4 4 0.003571 −0.07395 −0.1883
6 6 0.003423 −0.08404 −0.2025
8 8 0.003585 −0.07470 −0.1883
10 10 0.003555 −0.08261 −0.2009
100 100 0.003617 −0.07885 −0.1948
1.4 2 2 0.002111 −0.07882 −0.1602
4 4 0.003883 −0.08367 −0.1722
6 6 0.003719 −0.09226 −0.1887
8 8 0.003895 −0.08393 −0.1726
10 10 0.003861 −0.09113 −0.1866
100 100 0.003928 −0.08768 −0.1799
1.5 2 2 0.002251 −0.08283 −0.1510
4 4 0.004141 −0.09159 −0.1548
6 6 0.003968 −0.09903 −0.1739
8 8 0.004156 −0.09160 −0.1559
10 10 0.004120 −0.09815 −0.1712
100 100 0.004191 −0.09500 −0.1639
1.6 2 2 0.002358 −0.08575 −0.1413
4 4 0.004345 −0.09781 −0.1368
6 6 0.004171 −0.1045 −0.1588
8 8 0.004369 −0.09780 −0.1390
10 10 0.004333 −0.1038 −0.1555
100 100 0.004409 −0.1009 −0.1477
1.7 2 2 0.002436 −0.08770 −0.1315
4 4 0.004501 −0.1025 −0.1189
6 6 0.004333 −0.1087 −0.1439
8 8 0.004538 −0.1027 −0.1224
10 10 0.004503 −0.1082 −0.1402
100 100 0.004583 −0.1055 −0.1318
1.8 2 2 0.002487 −0.08880 −0.1218
4 4 0.004604 −0.1060 −0.1017
6 6 0.004457 −0.1119 −0.1297
8 8 0.004670 −0.1065 −0.1064
10 10 0.004636 −0.1115 −0.1254
100 100 0.004721 −0.1091 −0.1165
1.9 2 2 0.002517 −0.08922 −0.1126
4 4 0.004690 −0.1084 −0.08529
6 6 0.004551 −0.1143 −0.1163
8 8 0.004769 −0.1094 −0.09149
10 10 0.004738 −0.1140 −0.1114
100 100 0.004828 −0.1118 −0.1021
2.0 2 2 0.002528 −0.08906 −0.1040
4 4 0.004736 −0.1099 −0.07003
6 6 0.004619 −0.1160 −0.1040
8 8 0.004842 −0.1115 −0.07767
10 10 0.004814 −0.1159 −0.09760
100 100 0.004909 −0.1137 −0.08887
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For sufficient accuracy of the solutions, we take the first 100 terms of Im, Jm, Kn and Ln in the calculation. It should be
noted that the convergence of the results is not so fast because of the double trigonometric series adopted. However, the
simultaneous equations can be solved without any difficulty using mathematical packages such as MATLAB; and above all,
the value of the present approach lies in its excellent ability to obtain exact bending solutions of a plate.
4. Conclusions
In this paper an exact bending solution of a fully clamped orthotropic rectangular thin plate is elegantly obtained by the
double finite sine integral transform method. The mathematical approach employed does not require the preselection of a
deformation function, which can scarcely be avoided in the traditional semi-inverse approaches. Also, the present approach
provides an efficient and unified procedure for accurate plate bending analysis. Themethod can be easily employed for other
combinations of boundary conditions. Moreover, it can be further extended to problems ofmoderately thick and thick plates
as well as buckling, vibration, etc.
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